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PRESCRIBING THE CURVATURE OF RIEMANNIAN
MANIFOLDS WITH BOUNDARY
TIARLOS CRUZ AND FELICIANO VITO´RIO
Abstract. Let M be a compact connected surface with boundary. We
prove that the signal condition given by the Gauss-Bonnet theorem is
necessary and sufficient for a given smooth function f on ∂M (resp. on
M) to be geodesic curvature of the boundary (resp. the Gauss curvature)
of some flat metric on M (resp. metric on M with geodesic boundary).
In order to provide analogous results for this problem with n ≥ 3, we
prove some topological restrictions which imply, among other things,
that any function that is negative somewhere on ∂M (resp. on M) is
a mean curvature of a scalar flat metric on M (resp. scalar curvature
of a metric on M and minimal boundary with respect to this metric).
As an application of our results, we obtain a classification theorem for
manifolds with boundary.
1. Introduction
A natural problem in differential geometry is to find metrics with pre-
scribed curvature, i.e, construct a Riemannian metric on a given smooth
manifold M whose curvature is equal to a given function f on M .
On closed manifolds, the prescribed Gaussian (resp. scalar) curvature
problem has been completely solved by Kazdan and Warner [19, 21, 22].
Here we address this problem for manifolds with boundary. For instance, let
M be a surface with boundary ∂M, given a smooth function h defined on the
boundary (or f in the interior), is there a Riemannian metric g such that the
geodesic curvature κg∂M = h (or Gaussian curvature Kg = f)? In fact such
a problem is equivalent to solve a quasilinear system of partial differential
equation with boundary conditions. We point out that, as a particular case,
it is possible to solve this problem by conformal deformation of the metric,
which consists in picking some metric g0 on M and seeking a conformally
related metric to g0, say g = e
2ug0, for some positive function u to be found
in order to satisfy{
−∆g0u+ 2Kg0 = 2fe
u in M
∂u
∂ν + 2κg0 = 2he
u
2 on ∂M,
where ∆g0 , Kg0 and κg0 are the Laplacian, the Gauss curvature and the
geodesic curvature of the boundary of g0, respectively. Here ν is the outward
unit normal on ∂M. On this subject, the literature is extensive and many
results are known, see for instance [14, 15, 30], that includes the higher
dimensional case as well as the recent works [25, 24, 9].
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Suppose M is a compact two-dimensional Riemannian manifold with
boundary ∂M . The Gauss-Bonnet theorem states thatˆ
M
Kdv +
ˆ
∂M
κdσ = 2πχ(M),
where K denotes the Gaussian curvature, κ is the geodesic curvature of the
boundary, χ(M) is the Euler characteristic, dv is the element of volume and
dσ is the element of area. Besides establishing a link between the topology
(Euler characteristic) and geometry of a surface, it also gives a necessary
signal condition on the Gaussian curvature of a surface or geodesic curvature
on the boundary in terms of its Euler characteristic.
Consider the following natural consequence given by the Gauss-Bonnet
theorem when M is a bounded domain Ω in R2 with smooth boundary
(resp. compact connected 2-manifold with geodesic boundary):
If X (M) > 0, then κ (resp. K) must be positive somewhere.
If X (M) = 0, then κ (resp. K) must change sign unless it is κ ≡ 0.(1.1)
If X (M) < 0, then κ (resp. K) must be negative somewhere.
In the first result we prove that the obvious signal condition (1.1) is also
sufficient to the problem of prescribing curvature. More precisely, we state
the following theorem:
Theorem 1.1. Let Ω ⊂ R2 be a bounded domain with smooth boundary. A
function κ ∈ C∞(∂Ω) is the geodesic curvature of a flat metric on Ω if only
if κ satisfies the signal condition (1.1).
We also prove the following result for manifolds with geodesic boundary.
Theorem 1.2. Let M2 be a compact connected surface with smooth geodesic
boundary. A function K ∈ C∞(M) is the Gaussian curvature of a metric
on M with geodesic boundary if only if K satisfies the signal condition (1.1).
One of the key ingredients in the proof of Theorem 1.1 and Theorem 1.2
is the celebrated Osgood, Phillips, and Sarnak uniformization theorem for
surfaces with boundary [29](see also Brendle [4, 5]). Namely, if the surface
has boundary, in each conformal class of Riemannian metrics, there is a
unique uniform metric of type I, i.e., a constant curvature metric with zero
geodesic curvature, and a unique uniform metric of type II, i.e. the resulting
Riemannian manifold M is flat, i.e. the sectional curvature is zero and ∂M
has constant geodesic curvature on the boundary.
In order to generalize Theorem 1.1 and Theorem 1.2 we make use of a
version of the uniformization theorem in higher dimensions. In this respect,
we have the Yamabe problem for manifolds with boundary that consists in
finding a conformal metric to the background one having constant scalar
curvature and minimal boundary or having zero scalar curvature and con-
stant mean curvature on ∂M. Such a problem has inspiration in the closed
case and it was solved in almost every case by Escobar [11, 12]. We refer
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the interested reader to Marques [26, 27], Almaraz [1], Brendle and Chen
[6] and Mayer and Ndiaye [28] that studied many of the remaining cases.
Using results of existence of metrics with constant scalar curvature and
minimal boundary or with zero scalar curvature whose boundary has con-
stant mean curvature, we have the following theorems.
Theorem 1.3. Let Mn, n ≥ 3, be a compact connected manifold with bound-
ary.
i) Any function on ∂M that is negative somewhere is a mean curvature
of a scalar flat metric on M .
ii) Every smooth function on ∂M is a mean curvature of a scalar flat
metric if and only if M admits a scalar flat metric with positive
constant mean curvature on the boundary.
Theorem 1.4. Let Mn, n ≥ 3, be a compact connected manifold with
smooth boundary.
i) Any function on M that is negative somewhere is a scalar curvature
of a metric with minimal boundary.
ii) Every smooth function on M is a scalar curvature of a metric with
minimal boundary with respect to this metric if and only if M ad-
mits a metric with positive constant scalar curvature and minimal
boundary.
Taking account some topological restrictions given in Section 6, we sepa-
rate the compact manifolds with boundary into three groups:
Theorem 1.5. Compact manifolds with boundary and dimension n ≥ 3 can
be divided into three classes:
a) Any smooth function on ∂M (resp. M) is mean curvature of some
scalar flat metric (resp. scalar curvature of a metric on M with
minimal the boundary with respect to this metric);
b) A smooth function on ∂M (resp. M) is mean curvature of some
scalar flat metric on M (resp. scalar curvature of a metric with min-
imal boundary with respect to this metric) if and only if it is either
identically equal to zero or strictly negative somewhere; furthermore,
any scalar flat metric having zero mean curvature is totally geodesic
(resp. Ricci-flat).
c) A smooth function on ∂M (resp. M) is mean curvature of some
scalar flat metric (resp. scalar curvature of a metric with minimal
the boundary with respect to this metric) if and only if it is strictly
negative somewhere.
In short, every compact manifold with boundary of dimension n ≥ 3
admits a scalar flat metric on M with constant negative mean curvature on
∂M (resp. a metric with constant negative scalar curvature and minimal
boundary). Those in item a) or b) are scalar flat on M and have vanishing
mean curvature on the boundary, and those in item a) are scalar flat on M
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and have constant positive mean curvature on the boundary (resp. constant
positive scalar curvature and minimal boundary).
This paper is organized as follows. In Section 2, we gather some impor-
tant preliminary tools, discuss notations and formally present the second
order linear operator we shall study. In Section 3, we prove the remark-
able property that the map g 7→ (Rg, 2Hg∂M ) is almost always a surjection,
which, together an approximation lemma contained in Section 4, allow us to
prove in Section 5 and 6 results concerning what functions can be realized as
scalar curvature or mean curvature of the boundary for dimension n ≥ 2. To
be more precise, we prove Theorem 1.1 and 1.2 in Section 5 and, discussing
some topological obstructions results, we prove Theorem 1.3, 1.4 and 1.5 in
Section 6.
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2. preliminaries
Let Mn be n-dimensional compact connected Riemannian manifold with
boundary. Let S2,p2 = W
2,p(Sym2(T ∗M)) denote the section of class W 2,p
of symmetric (0, 2)-tensors. For p > n, consider the operator
Ψ(·) := (R(·), 2H(·)) :M2,p → Lp(M)⊕W
1
2
,p(∂M),
where M2,p denotes the open subset of S2,p2 of the Riemannian metrics on
M. Since Rg and Hg∂M involve derivatives of g up to second order, by the
Sobolev Embedding Theorem, for p > n, we have that Ψ is a C∞ map.
Given an infinitesimal variation h. We introduce
δRgh :=
∂
∂t
Rg+th
∣∣∣
t=0
and
δHγh :=
∂
∂t
Hγ+th
∣∣∣
t=0
,
the variation of the scalar curvature R and of the mean curvature H in the
direction of h, respectively. Here γ = g∂M . A classical computation, that
can be found in [2], shows that
(2.1)
{
δRgh = −∆g(trgh) + divgdivgh− 〈h,Ricg〉
2δHγh = [d(trgh)− divgh](ν)− divγX − 〈Πγ , h〉γ
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where ν is the outward unit normal to ∂M , Πγ is the second fundamen-
tal form of ∂M, X is the vector field dual to the one-form ω(·) = h(·, ν),
trg = g
ijhij is the trace of h and our convention for the laplacian is ∆gf =
trg(Hessgf). The linearization of Ψ will be denoted by
Sg(h) = DΨg · h = (δRgh, 2δHγh).
Before proceeding, we need of the following lemma.
Lemma 2.1. Let h be a symmetric (0, 2)-tensor and f be a smooth function
on M. Then
(2.2)ˆ
M
fdivgdivgh dv =
ˆ
M
〈Hessgf, h〉 dv +
ˆ
∂M
f〈divgh, ν〉 − h(∇f, ν) dσ
The proof of Lemma 2.1 is just to apply the divergence theorem to the
field X = fdivg h− h(∇f, ·).
A direct calculation using the previous lemma gives that
ˆ
M
fδRgh+ 2
ˆ
∂M
fδHγh =
ˆ
M
(−∆gf(trgh) + 〈Hessgf, h〉 − f〈h,Ricg〉)
+
ˆ
∂M
trgh
∂f
∂ν
− f〈Πγ , h〉γ − fdivγX − ω(∇f)
=
ˆ
M
(−∆gf(trgh) + 〈Hessgf, h〉 − f〈h,Ricg〉)
+
ˆ
∂M
trγh
∂f
∂ν
− f〈Πγ , h〉γ ,
where we have omitted the volume forms and used the fact that
−fdivγX = ω(∇f)− h(ν, ν)
∂f
∂ν
.
We first observe that the previous calculations clearly shows that
(δRgh, f)L2(M) − (A
∗f, h)L2(M) = (B
∗f, h)L2(∂M) − 2(δHγh, f)L2(∂M)
for all h ∈M2,p and f ∈W 2,p(M), where
(u, v)L2(M) =
ˆ
M
uv dv
and
A∗gf = −(∆gf)g +Hessgf − fRicg in M
B∗γf =
∂f
∂ν
γ − fΠγ on ∂M.
Therefore, we introduce the formal L2-adjoint of Sg(h) to be the operator
S∗g : W
2,p(M)→ S0,p2 (M)⊕ S
1
2
,p
2 (∂M) given by
(2.3) S∗g (f) = (A
∗
gf,B
∗
γf),
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We claim that S∗g (f) is an underdetermined elliptic operator, which in
other words means that it has injective symbol (see [18] for definition).
Indeed, the principal symbol of S∗ is given by{
σ(A∗g)x(ε)f = (‖ε‖
2g − ε⊗ ε)f,
σ(B∗γ)x(ǫ)f = 〈ǫ, ν〉γfγ,
for all ε ∈ T ∗xM (cotangent space at x) and ǫ normal to ∂M at x. Note
that the principal symbol of A∗g is injective for ε 6= 0. To see this, if we
assume that σ(A∗g)x(ε)f = 0, taking its trace, we see that (n− 1)|ε|
2f = 0.
Moreover, for every linearly independent couple of vectors ǫ and η belonging
to Rn, the polynomial in the complex variable τ
σ(A∗g)(ǫ+ τη) = g(‖ǫ‖
2 + τ2‖η‖2)− [(ǫ+ τη)⊗ (ǫ+ τη)]
has exactly two roots, one with positive and one with negative imaginary
part (Indeed, take the trace and obtain 0 = (n− 1)(‖η‖2τ2 + ‖ǫ‖2)). Thus,
A∗g is a second order (overdetermined) elliptic operator. One condition has
to be satisfied by S∗g (f) to be an elliptic boundary problem
1, that is A∗g
to be elliptic on M , and properly elliptic, and B∗γ to satisfy the Shapiro-
Lopatinskij condition at any point of the boundary, for precise definition
see Section 20.1 of [18], Section 2.18 of [10] or chapther 2 of [23]. Since ν
is not tangent to ∂M, it is possible to verify that the boundary problem
satisfies the Shapiro-Lopatinskij condition (see for example (Ell2) in [10],
page 108, as well all discussion in p. 107-108 and Theorem 2.50 of [10] that
relates elliptic boundary properties such as Fredholm operator, regularity of
solutions and an a priori estimate).
3. Local surjectivity
In this section, we study the surjectivity of the operator Sg which, in fact,
relies on study the injectivity S∗g , i.e., we have to analyse the linear partial
differential equation S∗g f = 0. Consider f ∈ KerS
∗
g . Taking the trace we get
that
(3.1)
{
∆f +
Rg
n−1f = 0 in M
∂f
∂ν −
Hγ
n−1f = 0 on ∂M.
Therefore, S∗gf = 0 can be rewritten as
(3.2) Hessgf =
(
Ricg−
Rg
n− 1
g
)
f in M and f
(
Πγ−
Hγ
n− 1
γ
)
= 0 on ∂M.
In order to prescribe the curvature we have to show that the following
g 7→ (Rg, 2Hγ) map is locally surjective. In this section our methods are
based on those of Fischer and Marsden [16] (see also [17] and [7]). We
remark that the same conclusions in this section hold under the condition
of metrics close in W s,p norm for s > np + 1.
1Sometimes called of oblique derivative problem
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Proposition 3.1. Given g ∈ M2,p, p > dim M. Suppose that the scalar
curvature (resp. Gauss curvature, if dim M = 2) in the interior vanishes
with respect to g on M. Then Sg : S
2,p → Lp(M)⊕W
1
2
,p(∂M) is a surjection
if one of the following holds:
i) Hγ (resp. κγ , if dim M = 2) is not a positive constant;
ii) Hγ = 0, but Πγ is not identically zero.
Proof. Since S∗g has injective symbol, it suffices to show that S
∗
g is injective.
We first prove part ii), let f ∈ KerS∗g = Ker(A
∗
g, B
∗
γ). It is immediate to
see that if Hγ = 0 in (3.1), then f is a constant function which together
with fΠγ = 0 on ∂M implies that f is constant equal to zero.
For part i), assume that dimM > 2 and f is not identically zero on ∂M .
It follows from (3.2) that Πγ =
Hγ
n−1γ. Recall that if {ei}
n−1
i=1 ∈ spanT (∂M),
where en = ν, then we get by Codazzi equation that
∇∂Mi Hγ = ∇
∂M
i Π
j
j = ∇
∂M
j Π
j
i +R
j
jiν = ∇
∂M
j Π
j
i +Riν .
where Rijkl is the curvature tensor of (M,g). Thus,
∇∂Mi Hγ = ∇
∂M
j
( Hγ
n− 1
γji
)
+Riν =
1
n− 1
∇∂Mi Hγ +Riν .
However, from B∗γf = 0 we have that
0 = ∇i
(∂f
∂ν
γij − fΠ
i
j
)
(3.3)
= ∇i∇νf −
f
n− 1
∇∂Mi Hγ .
Since Rg = 0 (and so ∆gf = 0 in M) and A
∗
gf = 0, we have that Hessgf =
fRicg, which together with all the above facts implies that ∇
∂MHγ = 0, so
Hγ is constant. Notice that (3.1) implies that Hγ is an eigenvalue of the
Steklov problem of second order and hence Hγ > 0, contradicting i).
If dim M = 2 and f is not identically zero on ∂M, then (3.3) is auto-
matically equivalent to ∇∂Mi κγ = 0 provided Hessgf = fKgg = 0. Arguing
similarly, we conclude that f has to be zero and S∗g is injective.
We claim that if there exists a point x0 ∈ ∂M so that f(x0) = 0, then
we must have ∇∂Mf(x0) 6= 0. Reasoning by contradiction, assume that
∇∂Mf(x0) = 0. We define h(t) := f(α(t)), where γ is any geodesic on the
boundary ofM starting from x0 . A direct calculation gives that h(t) satisfies
the following linear second-order ODE:
h′′(t) = (Hessgf |∂M )α(t) · (α
′(t), α′(t))
= (Hessgf)α(t) · (α
′(t), α′(t)) + 〈∇(f ◦ α),Πγ(α
′(t), α′(t))〉
=
(
Ricg(α
′(t), α′(t))−
Rg
n− 1
‖α′(t)‖2g +
Hγ
n− 1
Πγ(α
′(t), α′(t))
)
f ◦ α,
where we have used (3.2). Because h(0) = 0 and h′(0) = 0, we have that
h(t) ≡ 0 and, thus, f = 0 on ∂M.
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As consequence, 0 is a regular value of f|∂M which implies that ∇
∂Mf 6= 0
on f−1(0) and ∇∂MHγ = 0 on an open dense set and hence everywhere. As
before, we obtain another contradiction. Thus, f is zero on ∂M and so S∗g
is injective.

Remark 3.2. If dim M = 2, then item ii) of Proposition 3.1 (or the second
item of the next proposition) cannot hold.
Proposition 3.3. Given g ∈ M2,p, p > dim M. Suppose that the mean
(resp. geodesic, if dim M = 2) curvature of ∂M vanishes with respect to the
metric g. Then Sg : S
2,p → Lp(M)⊕W
1
2
,p(∂M) is a surjection if one of the
following holds:
i) Rg (resp. Kg = 0, if dim M = 2) is not a positive constant;
ii) Rg = 0, but Ricg is not identically zero.
Proof. Due to the similarity of the arguments, we merely sketch the proof.
The condition in item ii) implies that f is constant, in fact, equal to zero
provided fRicg = 0.
We now sketch item i). Since
0 = divgA
∗f = f∇Rg on M and 0 = trgB
∗f =
∂f
∂ν
on ∂M
then Rg is constant if f is not identically zero. However, note that Rg
is constant equal to zero because
Rg
n−1 is not a positive eigenvalue of the
Neumann problem. We claim that ∇f(x0) 6= 0 whenever f is zero at some
point. Indeed, consider the geodesic α starting at x0. Defining h(t) = f◦α(t),
a similar computation shows that h, and thus f , is identically equal to zero.
Hence we can conclude that f ∈ KerS∗g is constant equal to zero.

Remark 3.4. For n = 2, the map Ψ cannot be onto a neighborhood of
Ψ(g) = 0. For instance, the Gauss-Bonnet theorem for manifold with bound-
ary shows that a hemisphere does not admit metric with Gauss curvature
strictly positive or strictly negative and minimal boundary as well as an an-
nulus with two boundaries components does not admit metric whose Gauss
curvature vanishes and the boundary components have geodesic curvature
strictly positive or strictly negative.
Now, for locally solve Ψ(g) = (f1, f2) in an appropriate topology, we
use the implicit function theorem to prove that Ψ is a locally surjective
map whenever S∗ is injective. Moreover, we apply standard elliptic theory
to (AgA
∗
gf,BγB
∗
γf). Indeed, if A
∗ is an operator of order 2 with injective
symbol, then A has also injective symbol and, thus, AgA
∗
g is elliptic of order
4, provided σ(AgA
∗
g) = σ(Ag)σ(A
∗
g) = σ(Ag)σ(Ag)
∗ and σ(A∗g) injective
implies σ(Ag)σ(Ag)
∗ is an isomorphism. Moreover, since Bγ and B
∗
γ satisfy
the Shapiro-Lopatinskij condition, BγB
∗
γ also satisfies it.
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Theorem 3.5. Let f = (f1, f2) ∈ L
p(M)⊕W
1
2
,p(∂M), p > n. Assume that
S∗g0 is injective, then there is an η > 0 such that if
‖f1 −Rg0‖Lp(M) + ‖f2 −Hγ0‖W 1/2,p(∂M) < η,
then there is a metric g1 ∈ M
2,p such that Ψ(g1) = f Moreover, g is smooth
in any open set where f is smooth.
Proof. In order to apply the implicit function theorem we consider the fol-
lowing operator S : U ⊂W 4,p(M)→ Lp(M)⊕W
1
2
,p(∂M) defined by
S(u) = (Rg0+A∗g0u
,Hγ0+B∗γ0u
),
where U is sufficiently small neighborhood of zero in W p,4. Indeed, this is
an oblique boundary value problem for a second order quasilinear elliptic
differential equation and by the Sobolev Embedding Theorem, with n > p,
S is a C1 map from W 4,p(M) to Lp(M)⊕W
1
2
,p(∂M). We claim that S′(0)
is an isomorphism when restricted a small neighborhood of W 4,p norm. In
fact, S(0) = Ψ(g0) and
S′(0)v = (Ag0A
∗
g0v,Bγ0B
∗
γ0v) = Sg0S
∗
g0v.
Hence Ker S′(0) = Ker Sg0S
∗
g0 = 0, provided Ker SgS
∗
g = Ker S
∗
g . It
follows from the implicit function theorem that S maps a neighborhood of
zero in W p,4 onto a neighborhood of S(0) = Ψ(g0) in L
p(M) ×W
1
2
,p(∂M).
Considering Lp(M)⊕W
1
2
,p(∂M) with the norm
‖(h,w)‖Lp(M)⊕W 1/2,p(∂M) = ‖h‖Lp(M) + ‖w‖W 1/2,p(∂M),
there is an η > 0 so that if
‖f1 −Rg0‖Lp(M) + ‖f2 −Hγ0‖W 1/2,p(∂M) < η,
then there exist a solution g1 = g0 + S
∗u of Ψ(g1) = f. Using elliptic
regularity and a bootstrap argument we have that if f smooth, then u is
smooth. 
LetM be a manifold with boundary and ρ :M → R is a smooth function.
For p > n, we set
M2,pρ = {g ∈ M
2,p; Rg = ρ and Hg|T (∂M)
= 0}
and
M2,pρ˜ = {g ∈ M
2,p; Rg = 0 and Hg|T (∂M)
= ρ˜},
where ρ˜ : ∂M → R is a smooth function. The sets M2,pρ and M
2,p
ρ˜ are the
set of metrics of prescribed scalar curvature and prescribed mean curvature
of the boundary, respectively. It follows from Proposition 3.1, Proposition
3.3 and Theorem 3.5 the following result:
Corollary 3.6. If ρ and ρ˜ are not identically zero nor positive constants,
then M2,pρ and M
2,p
ρ˜ are smooth submanifolds of M
2,p.
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In the next proposition we state a result about nonsurjectivity.
Proposition 3.7. Let (M,g) be a Riemannian manifold with boundary.
The following assumptions imply that Sg is not surjective:
a) M is scalar flat with totally geodesic boundary ∂M or M is Ricci-flat
with minimal boundary;
b) M = Bn+1 is the Euclidean ball of radius r0 in R
n+1 or M = Sn+ is
the standard hemisphere of radius r0 in R
n+1.
Proof. We easily see that in the conditions of item a), KerSg is composed
of constant functions and Sg is not surjective.
If M is a standard euclidean unit ball B, the Steklov eigenfunctions f
with first nonzero eigenvalue n− 1 also satisfies
Hessgf = 0 in M and
∂f
∂ν
γ =
f
r20
γ on ∂M.
Therefore, S∗g is not surjective. Here, functions satisfying ∆f = 0 in M and
∂f
∂ν =
f
r20
on ∂M belongs to Ker S∗g .
In contrast, when M = Sn+ with the metric g, the Robin eigenfunctions f
with first nonzero eigenvalue n also satisfies
Hessgf = −
f
r20
g in M and
∂f
∂ν
g = 0 on ∂M.
Analogously, S∗g is not surjective and all function f ∈ W
2,s(M) satisfying
∆f = −(n/r20)f in M and
∂f
∂ν = 0 on ∂M belongs to Ker S
∗
g . 
4. Approximation Lemma
In this section, inspired by Theorem 2.1 in [20], we show how to approx-
imate a function arbitrarily closely in Lp(M) and W
1
2
,p(∂M) in order to
apply Theorem 3.5. We proof the following lemma.
Lemma 4.1 (Approximation Lemma). Let M be a Riemannian manifold
with boundary of dimension n ≥ 2.
a) Let f, g ∈ C∞(∂M). If the range of g is in the range of f , that is,
min f ≤ g(x) ≤ max f on ∂M , then given any positive ε there is a
diffeomorphism ϕ of M such that, for p > 2n, we have that
‖f ◦ ϕ− g‖
W
1
2 ,p(∂M)
< ε.
b) Let f, g ∈ C∞(M). If the range of g is in the range of f , that is,
min f ≤ g(x) ≤ max f on M , then given any positive ε there is a
diffeomorphism ϕ of M such that, for p > n, we have that
‖f ◦ ϕ− g‖Lp(M) < ε.
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Proof. For part a), let {∆i} be a locally finite triangulation of ∂M so fine
that g is nearly constant in each simplex. Then we can assume that for each
i we have
(4.1) max
x,y∈∆i
|g(x) − g(y)| < δ
where δ = ε/4(4τvol(∂M))1/p , where τ is a constant chosen later. Let
bi ∈ int(∆i). By continuity there exist disjoint open sets Vi ⊂ ∂M , such
that
(4.2) |f(x)− g(bi)| < δ
for each i and x ∈ Vi.
Choose a neighborhood Q of the (n− 1)-skeleton ∂M , disjoint from bi, so
small that
(4.3) (max
∂M
|f |+max
∂M
|g|)p · volQ <
εp
2p+3 · vol(∂M)
and
(4.4) (max
∂M
|∇f |+max
∂M
|∇g|)p · volQ <
εp
2p+3 · vol(∂M)
.
Consider for each bi a neighborhood Ui disjoint from Q, and choose open
sets O1 and O2, such that
∂M −Q ⊂ O1 ⊂ O1 ⊂ O2 ⊂ O2 ⊂ ∂M − skeleton.
We will find a diffeomorphism ϕ ofM so that ϕ(O1∩∆i) ⊂ Vi. Firstly, there
is a diffeomorphism ϕ1 of M such that ϕ1(Ui) ⊂ Vi, a diffeomorphism ϕ2 of
M satisfying ϕ2(O1 ∩ ∆i) ⊂ Ui and ϕ2|∂M−O2 = id for each i. This allow
us to define ϕ = ϕ1 ◦ϕ2. Note that we are not interested in the behavior of
the diffeomorphism in the interior of M.
Recall that
‖u‖p
W
1
2 ,p(∂M)
:= ‖u‖pLp(∂M) + [u]W
1
2 ,p(∂M)
,
where [u]p
W
1
2 ,p(∂M)
:=
´
∂M
´
∂M
|u(x)−u(y)|p
|x−y|n+
p
2
is the Glagliardo norm of u.
We use (4.1), (4.2) and (4.3) to infer
‖f ◦ ϕ− g‖pLp = (
ˆ
Q
+
ˆ
∂M−Q
)|f ◦ ϕ− g|p
<
εp
2p+3
+
∑
i
ˆ
O1∩∆i
|f ◦ ϕ(y)− g(bi) + g(bi)− g(y)|
p
<
εp
2p+3
+
∑
i
2pδpvol(∆i) =
( εp
2p+3
+
εp
2p+2τ
)
,
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where we have omitted the volume forms. The next step is to study the
following identity.
[f ◦ ϕ− g]
W
1
2 ,p(∂M)
= (
ˆ
Q
+
ˆ
∂M−Q
)
ˆ
∂M
|(f ◦ ϕ− g)(x) − (f ◦ ϕ− g)(y)|p
|x− y|n+
p
2
.
For p > 2n, setting z = x− y we obtain that
ˆ
Q
ˆ
∂M
|(f ◦ ϕ− g)(x) − (f ◦ ϕ− g)(y)|p
|x− y|n+
p
2
≤
ˆ
Q
ˆ
∂M∩|z|≥1
|2(max
∂M
|f ◦ ϕ|+max
∂M
|g|)|p
1
|x− y|n+
p
2
+
ˆ
Q
ˆ
∂M∩|z|<1
|max∂M |∇(f ◦ ϕ)||x− y|+max∂M |∇g||x− y||
p
|x− y|n+
p
2
≤
ˆ
Q
2p(max
∂M
|f ◦ ϕ|+max
∂M
|g|)p
ˆ
∂M∩|z|≥1
1
|z|n+
p
2
+
ˆ
Q
(max
∂M
|∇(f ◦ ϕ)|+max
∂M
|∇g|)p
ˆ
∂M∩|z|<1
|z|
p
2
−n
<
εp
8
+
εp
2p+3
,
where we have used the mean value theorem in the third line, (4.3) in the
fourth line and (4.4) in the fifth line. Note that in the last line we have used
the integrability of the kernel 1
|z|n+
p
2
for n+ p2 > n.
On the other hand,
ˆ
∂M−Q
ˆ
∂M
|(f ◦ ϕ− g)(x) − (f ◦ ϕ− g)(y)|p
|x− y|n+
p
2
≤
ˆ
∂M\Q
ˆ
|z|≥r0
|f ◦ ϕ(x)− g(bi)− g(x) + g(bi)− f ◦ ϕ(y) + g(bi)− g(y)− g(bi)|
p
|x− y|n+
p
2
+
ˆ
∂M\Q
ˆ
|z|<r0
|max∂M |∇(f ◦ ϕ)||x− y|+max∂M |∇g||x− y||
p
|x− y|n+
p
2
≤
∑
i
4pδpvol(∆i)
ˆ
∂M∩|z|≥r0
1
|z|n+
p
2
+
ˆ
∂M−Q
(max
∂M
|∇(f ◦ ϕ)|+max
∂M
|∇g|)p
ˆ
∂M∩|z|<r0
|z|
p
2
−n
<
εp
4
vol(∂M)
τr
n+p/2
0
+
εp
16
,
where we have used in the fourth line (4.1) and (4.2) and the mean value
theorem in the third line. Here, the fifth line is less than ε
p
16 provided a
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constant r0 can be chosen sufficiently small such that
r0 · vol(∂M ∩ (|z| < r0)) ≤
2−4εp
(max∂M |∇(f ◦ ϕ)|+max∂M |∇g|)pvol(∂M)
.
Therefore, we see after a few calculation that if τ > 4vol(∂M)
r
n+p/2
0
, then we have
that ‖f ◦ ϕ− g‖
W
1
2 ,p(∂M)
< ε.
The remaining item follows from an easy modification in the argument of
Theorem 2.1 of Kazdan and Warner [20].

Remark 4.2. It would be interesting to know if Lemma 4.1 can be generalized
to include both curvatures at the same time in order to obtain results as
in the spirit of [9, 24], where it was considered the problem of prescribing
the Gaussian and geodesic curvature of compact surfaces with boundary via
conformal change of the metric.
5. Prescribing curvature: Proof of Theorem 1.1 and 1.2
In this section, using approximation lemma 4.1 and Theorem 3.5, we
prescribe the scalar (resp. Gaussian, if dim M = 2) curvature and mean
(resp. geodesic, if dim M = 2) curvature of the boundary of a certain class
of manifolds with boundary. More precisely, we show the following result.
Proposition 5.1. Assume n ≥ 2. Let (Mn, g0) be a compact Riemannian
manifold with boundary.
a) Let M be a scalar flat manifold with mean curvature on the boundary
equal to H0, and let H be a smooth function on ∂M. If there is a
constant c > 0 satisfying
min cH ≤ H0 ≤ max cH.
Then H is the mean curvature of the boundary of some scalar flat
metric on M.
b) Let M be a manifold with constant scalar curvature R0 and minimal
boundary, and let R be a smooth function on M. If there is a constant
c > 0 satisfying
min cR ≤ R0 ≤ max cR.
Then R is scalar curvature of some metric with minimal boundary.
An immediate consequence is the following.
Corollary 5.2. Assume n ≥ 2. Let (Mn, g0) be a compact Riemannian
manifold with boundary.
a) If M is scalar flat manifold and its boundary has constant mean
curvature Hg0 = H0. Then any function H on ∂M having the same
sign of H0 somewhere is mean curvature of the boundary of some
scalar flat metric on M , while if H0 ≡ 0, then any function H that
changes sign is the mean curvature of some scalar flat metric.
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b) If M is a manifold with constant scalar curvature Rg0 = R0 and
minimal boundary. Then any function R on M having the same sign
of R0 somewhere is scalar curvature of some metric with minimal
boundary, while if R0 ≡ 0, then any function R that changes sign
is the scalar curvature of some metric with minimal boundary with
respect to this metric.
Proof of Proposition 5.1. We will prove item a) since the other case is en-
tirely analogous. If KerS∗g0 = 0 (for example, by Proposition 3.1, this may
occur if H0 is negative), then by Lemma 4.1 there is a diffeomorphism ϕ of
M such that for p > 2n we have
‖0−Rg0‖Lp(M)+‖c(H ◦ϕ)−H0‖W 1/2,p(∂M) = ‖c(H ◦ϕ)−H0‖W 1/2,p(∂M) < η.
In view of Theorem 3.5 there is a metric g1 satisfying
Ψ(g1) = (0, c(H ◦ ϕ)).
By Lemma 52 of Cox [8] and the diffeomorphism invariance of scalar cur-
vature, we have that the required metric is given by g = (ϕ−1)∗(cg1) at
each point in M . However, if KerS∗g0 6= 0 (which by Proposition 3.1, says
that H0 is constant), one may perturb g0 slightly in order to have non
constant mean curvature Hg0 and scalar flat metric in M still satisfying
min cH ≤ H0 ≤ max cH. In order to obtain such a perturbation we may
consider, for example, the following change of metric g˜ = u˜
4
n−2 g0, where u˜ is
a harmonic extension of a function u defined on the boundary that is nearly
equal to 1.2 Hence, we can repeat the previous argument. 
We have now all ingredients to prove Theorem 1.1 and 1.2.
Proof of Theorem 1.1 and 1.2 . The proof goes along the lines of Proposi-
tion 5.1. Here the Osgood, Phillips and Sarnak uniformization theorem [29]
(see also Brendle [4, 5]) plays a fundamental role in our proof, because there
is a unique uniform flat metric with constant geodesic curvature boundary
and a unique uniform metric of constant curvature metric with geodesic
boundary. 
6. Existence of metrics with constant curvature
Let (Mn, g), n ≥ 3 be a complete, n-dimensional Riemannian manifold
with boundary ∂M . Throughout this section Rg will denote the scalar cur-
vature with respect to the Riemannian metric g, while Hg will be the mean
curvature on the boundary. Denote by g˜ = u
4
(n−2) g a metric conformally
related to g, where u is a smooth positive function. It is well known that
2In order to obtain a metric with non constant scalar curvature Rg0 and minimal
boundary still satisfying min cR ≤ R0 ≤ max cR, we may consider a sufficiently small
perturbation of the form g˜ = g0 + h where h(X,Y ) = 0 for all X,Y ∈ T (∂M).
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the transformation law for the scalar curvature and mean curvatures are
given by:
Rg˜ = −
4(n− 1)
(n− 2)
Lgu
u(n+2)/(n−2)
in M
Hg˜ =
2
(n− 2)
Bgu
un/(n−2)
on ∂M,
where Rg˜ and Hg˜ are the scalar curvature of and the mean curvature with
respect to g˜, L = ∆ − n−24(n−1)Rg is the so-called conformal Laplacian and
B = ∂∂ν −
n−2
2 Hg is an associated boundary operator.
The quadratic form associated with the operator (L,B) is
Eg(u) =
ˆ
M
(4(n − 1)
n− 2
|∇u|2g +Rgu
2
)
dv + 2
ˆ
∂M
Hgu
2dσ,
where dv and dσ are the Riemannian measure on M and the induced Rie-
mannian measure on ∂M, respectively, with respect to the metric g.
For a, b > 0 let us define the following functional
(6.1) Qa,bg (u) =
Eg(u)
a(
´
M u
2n
n−2dv)
n−2
n + b(
´
∂M u
2(n−1)
n−2 dσ)
n−2
n−1
.
The Yamabe invariant is defined by
(6.2) Qa,bg (M,∂M) = inf{Q
a,b
g (u); u > 0 in C
∞(M)}
which is invariant under conformal change of the metric g for (a, b) ∈
{(0, 1), (1, 0)} (see [11, 12]). It is not difficult to show that Q1,0g (M,∂M) ≤
Q1,0(Sn+, ∂S
n
+) (resp. Q
0,1
g (M,∂M) ≤ Q0,1(B, ∂B)). In [12], Escobar proved
that if Q1,0g (M,∂M) ≤ Q1,0(Sn+, ∂S
n
+) (resp. Q
0,1
g (M,∂M) ≤ Q0,1(B, ∂B)),
then there exists a smooth metric u
4
n−2 g, u > 0, of constant scalar curvature
and zero mean curvature on the boundary (resp. zero scalar curvature with
constant mean curvature on ∂M).
Moreover we have other invariants with respect to conformal geometry
that are the eigenvalues of the boundary problem (L,B):
(6.3)
{
Lϕ = λ1(L)ϕ in M
Bϕ = 0 on ∂M
and
(6.4)
{
Lϕ = 0 in M
Bϕ = λ1(B)ϕ on ∂M .
An immediate consequence from the variation characterization of the first
eigenvalue of problems (6.3) and (6.4) is the following.
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Proposition 6.1 (Escobar [12, 13]). The first eigenfunction for problem
(6.3) or (6.4) is strictly positive (or negative). Moreover, λ1(L) is positive
(negative, zero) if and only if λ1(B) is positive (negative, zero).
We also have the following fundamental result due to Escobar [12, 13]
saying that there are three possibilities which are distinguished by the sign
of the first eigenvalues λ1(B) and λ1(L) (In fact, there is an analogy with
(1.1)).
Proposition 6.2 (Escobar [12, 13]). Let (Mn, g) be a compact Riemannian
manifold with boundary n ≥ 3. There exists a metric conformally related
to g whose scalar curvature is zero and the mean curvature of the boundary
does not change sign. The sign is uniquely determined by the conformal
structure. Hence there are three mutually exclusive possibilities: M admits
a conformally related metric, which is scalar flat and of (i) positive, (ii)
negative, or (iii) identically zero mean curvature of the boundary.
It is clear that holds an analogue result if there exists a metric conformally
related of minimal boundary and whose scalar curvature does not change
sign.
The Gauss-Bonnet theorem for surfaces with boundary gives obvious
topological obstructions to prescribing the Gauss curvature and geodesic
curvature. In fact, to best of our knowledge, there is no similar obstruction
result for n ≥ 3. Taking this into account we study the existence of metrics
with constant scalar curvature or constant mean curvature. The strategy
is first obtain metrics with λ1(B) < 0 and λ1(L) < 0. The key step is to
construct a metric with negative finite total curvatureˆ
M
Rgdv +
ˆ
∂M
Hγdσ < 0
for certain manifolds with boundary. Basically, we use the idea of Be´rard-
Bergery [3] to deform a metric in a small disk. We have the following result.
Proposition 6.3. Assume n ≥ 3. If (M,g) is a manifold with smooth bound-
ary, then either there exists a metric g with λ1(B) < 0 or λ1(L) < 0.
Proof. We can see from Proposition 6.1 that it is sufficient to prove that
λ1(L) < 0. Pick an open disk D
n in M and let D
q
× Sp ⊂ Dn, where
p+ q = n with p ≥ 1 and q ≥ 2. Let f be a function f on D depending only
on the distance to origin and so that f ≡ 1 nearly ∂D.
On D × Sp we put the warped product metric
g0 = f
− 2p
n−1 (gd + f
2gs),
where gs and gd are the standard metric on S
p and D, respectively. We next
consider a metric g on M that coincides with g0 on D × S
p.
The integral of scalar curvature can be written as follows:
(6.5)
ˆ
M
Rgdv =
ˆ
M\(D×Sp)
Rgdv +
ˆ
(D×Sp)
Rgdv.
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However, the second integral on the right hand side is equal toˆ
D×Sp
Rg0dvg0 = Vol(S
p, gs)
ˆ
D
f
p
n−1
−2
(
Rgs −
p(n− 1− p)
n− 1
|∇f |2
)
dvgd ,
since p ≤ n−2, the first integral in (6.5) and
´
∂M Hγdσ do not depend on f
we can choose f such that
´
M |∇f |
2dvgd becomes sufficiently large in order
to get
´
M Rgdv negative as we want. Thus by variational characterization
of λ1(L), we have that λ1(L) < 0 as desired.

Remark 6.4. We can still prove that if λ1(B) < 0 or λ1(L) < 0, then there is
a conformal metric, ĝ, which is scalar flat with mean curvature Hĝ = −1 on
the boundary or has scalar curvature Rĝ = −1 and minimal boundary, re-
spectively. Indeed, assume that λ1(B) < 0, so we have to solve the following
problem
(6.6)
{
∆gu = 0 in M
2
n−2
∂u
∂ν −Hgu = −u
β on ∂M,
where β is the critical exponent n/(n − 2). Let ϕ be the corresponding
associated eigenfunction of (6.4). Now, choose constants 0 < c− < c+ such
that 0 < −λ1(B) < (c+ϕ)
β−1 and −λ1(B) > (c−ϕ)
β−1. Thus if u± = c±ϕ,
we have λ1(B)c+ϕ = Bgu+ ≥ −u
β
+ and λ1(B)c−ϕ = Bgu− ≤ −u
β
−. By the
sub- and super-solutions methods (cf. [30], Theorem 3.3) the result is clear.
The other case are left to the reader.
The following proposition implies the existence of metrics, depending on
the case, having zero scalar curvature and minimal boundary.
Proposition 6.5. Assume n ≥ 3. Let Mn be a compact manifold with
smooth boundary. If M admits a scalar flat metric of positive mean curva-
ture (resp. positive scalar curvature and minimal boundary), then it admits
a scalar flat metric with zero mean curvature.
Proof. Assume thatM admits a scalar flat metric of positive mean curvature
on the boundary. By supposition, λ1(B, g+) > 0. On the other hand, it
follows from Proposition 6.3 that there exists g− such that is scalar flat and
has constant negative mean curvature. So we have that Q0,1g− (M,∂M) < 0.
By hypothesis, there exists g+ such that Q
0,1
g+ (M,∂M) > 0. Setting
gt = tg− + (1− t)g+,
there exists t0 ∈ (0, 1] such that 0 < Q
0,1
gt0
(M,∂M) < Q0,1(B, ∂B) provided
Q0,1g (M,∂M) depends continuosly
3 on g. Therefore, the result follows from
Proposition 2.1 of [12]. 
Combining Proposition 6.3 and 6.5 we arrive at the following proposition.
3The proof is similar to the proof that the Steklov eigenvalues λ(g) depend continuously
on g
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Proposition 6.6. Let Mn, n ≥ 3, be a manifold with smooth boundary.
a) M carries a scalar flat metric with constant negative mean curvature
(resp. constant negative scalar curvature with minimal boundary).
b) If M carries a scalar flat metric g whose boundary has mean cur-
vature Hγ ≥ 0 and Hγ 6= 0 (resp. Rg ≥ 0 and Rg 6= 0 with min-
imal boundary), then there exists on M a scalar flat metric with
mean curvature Hg ≡ 1 on ∂M (resp. a metric that has scalar
curvatureRg ≡ 1 and minimal boundary) and a scalar flat metric
with zero mean curvature on ∂M .
Finally, combining Proposition 5.1, Proposition 6.6 and Proposition 6.1,
we can draw the following conclusion:
Corollary 6.7 (Theorem 1.3 and Theorem 1.4). Let Mn, n > 2, be a
manifold with smooth boundary.
i) Any function that is negative somewhere on ∂M (resp. on M) is a
mean curvature of a scalar flat metric (resp. a scalar curvature a
metric whose boundary has mean curvature zero).
ii) Every smooth function on ∂M (resp. on ∂M) is a mean curvature
of a scalar flat metric (resp. a scalar curvature of a metric, where
the mean curvature of the boundary is zero) if and only if M ad-
mits a scalar flat metric with positive constant mean curvature on
the boundary (resp. positive constant scalar curvature and minimal
boundary).
7. Proof of Theorem 1.5
Because Theorem 1.3 and Theorem 1.4, we can be divide the class of the
compact manifolds with boundary as follows:
• M carries a scalar flat metric g whose boundary has mean curvature
Hγ ≥ 0 and Hγ 6≡ 0 (resp. a metric with scalar curvature Rg ≥ 0
and minimal boundary).
• M carries no scalar flat metric g with positive mean curvature (no
metric with positive scalar curvature and minimal boundary), but
do have one with Hγ ≡ 0 and Rg ≡ 0.
• M carries a scalar flat metric whose mean curvature on ∂M is neg-
ative somewhere (metric with negative scalar curvature and whose
boundary is minimal).
Next we will prove Theorem 1.5 which follows from the topological re-
strictions discussed in Section 6.
Proof of Theorem 1.5. The result is an immediate consequence of Proposi-
tion 5.1 and Proposition 6.6. However, it remains to show that if M does
not admit a scalar flat metric with positive mean curvature on the boundary,
then any scalar curvature metric with zero mean curvature on the boundary
has totally geodesic boundary (Similarly, we can prove the analogous if M
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does not admit a metric with positive scalar curvature on the boundary and
minimal boundary).
Assume that λ1(B) = 0. Let g(t) be a smooth family of metrics with
g(0) = g and infinitesimal variation ∂∂tg(t)|t=0 = −Πg. If Πg 6= 0, then it
follows from Proposition 8.1 in Appendix A that
(7.1)
d
dt
λ1(B)
∣∣∣
t=0
=
ˆ
M
|Πg|
2dσ > 0,
where we have used that g is scalar flat and has constant mean curvature on
the boundary which implies that ψ = 1 and Πg = Πgˆ. So λ1(g(t)) > 0 for all
t > 0 sufficiently small and we conclude from Proposition 6.1 that there is a
metric with positive mean curvature, which is a contradiction unless Πg ≡ 0
holds. 
8. Appendix A
Let (Mn, g), n ≥ 3, be a n-dimensional Riemannian manifold with bound-
ary ∂M 6= ∅. Recall the following conformal boundary operator (L,B), where
L = ∆− n−24(n−1)Rg in M and B =
∂
∂ν −
n−2
2 Hγ on ∂M . Recall the associated
eigenvalue problems:
(8.1)
{
Lϕ = λ1(L)ϕ in M
Bϕ = 0 on ∂M
and
(8.2)
{
Lϕ = 0 in M
Bϕ = λ1(B)ϕ on ∂M .
Our next result concerns the variation of the first eigenvalues of the
boundary problems (8.1) and (8.2).
Proposition 8.1. Let ϕ and ψ be normalized first eigenfunction of (L,B)
with respect to the interior and the boundary condition, respectively. Then
a) ddtλ1(L)
∣∣∣
t=0
= −
´
M ϕ
2〈h,Ricg〉dv;
b) ddtλ1(B)
∣∣∣
t=0
= −
´
M ψ
2〈h,Πγ˜〉dσ;
where g = ϕ4/(n−2)g and g˜ = ψ4/(n−2)g.
Proof. Let ϕ(t) and ψ(t) denote the first eigenfunctions associated to the first
eigenvalues λ1(Lt, g(t)) and λ1(Bt, g(t)), respectively. Taking a derivative of
Ltϕ(t) = λ1(Lt, g(t))ϕ(t) and Btψ(t) = λ1(Bt, g(t))ψ(t) we get that
(8.3) L′tϕ(t) + Ltϕ
′(t) = λ′1(Lt, g(t))ϕ(t) + λ1(Lt, g(t))ϕ
′(t)
(8.4) B′tψ(t) + Btψ
′(t) = λ′1(Bt, g(t))ψ(t) + λ1(Bt, g(t))ψ
′(t)
where the prime denotes derivatives with respect to t.
Then setting t = 0 and using the divergence theorem we obtain that
d
dt
λ1(L)
∣∣∣
t=0
=
ˆ
M
〈ϕ(0),L′0ϕ(0)〉dv
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and
d
dt
λ1(B)
∣∣∣
t=0
=
ˆ
∂M
〈ψ(0),B′0ψ(0)〉dσ.
The results now follow by a straightforward computation using (2.1) and
the following identities:
(8.5)
( d
dt
∆t
∣∣
t=0
)
f = −〈h,Hessg f〉 −
1
2
〈∇(trh),∇ f〉+ ω(∇f),
(8.6) Ricĝ = Ricg − (n− 2)Hessg f + (n− 2)|∇f |
2 − (∆f + (n− 2)|∇f |2)g
and
(8.7) Πĝ = e
fΠg +
∂
∂ν
(ef )g,
where ĝ = e2fg. We remark that these conformal change formulae (8.6) and
(8.7) can be found at [11].

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